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Recently, O’Keefe and Wong have shown that a smallest graph of girth 10 and valency 3 (a 
(3,lO)-cage) must have 70 vertices. There are three non-isomorphic (3,10)-cages which have 
been known for some while. In this papel, it is shown that these are the only three possible 
(3,lO)-cages. Some of the proofs in this paper are derived with the aid of a computer. 
1. Iutroduction 
In [l], Balaban obtained a trivalent graph of girth 10 with 70 vertices and 
conjectured that it was a (3,10)-cage. In [S], this conjecture was proved by 
O’Keefe and Wong. At that time, three non-isomorphic (3,10)-cages were 
known. With the aid of a computer, it is shown in this paper that these are the 
only three possible (3, lo)-cages. 
A regular graph with given girth and valency is quite difRcult to obtain. 
especially when the girth or the valency of the graph is large. Recerntly, with the 
aid of a computer, some of these graphs have been obtained successfully (for 
example, see [3] and [6J). The author hoped to find a new (3, IO)-cage in this way. 
By using a computer, he obtained 13 such cages (with different arrangements of 
end-vertices). However, these cages are isomorphic to the three previously known 
(3,10)-cages. 
2. PreEmiIuWies 
Let G be a smallest graph of girth PO and valency 3 (a (3,10)-cage) and f(3,lO) 
the number of vertices of G. In [Sj, it was shown that f(3,lO) = ‘JO. There are 
three non-isomorphic (3,lO)-cages which are contained in a survey paper written 
for the Journal of Graph Theory by the author [7]. For completeness. these 
graphs are also included in this paper. Fig. 1 was obtained by Balaban Cl], Fig. 2 
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Fig. 1 
by Harries in a different form (unpublished) and Fig. 3 by Wong and indepen- 
dently by Harries. A different form of Fig. 3 is also given in [S]. We shall show 
that these are the only three possible (3, lO)-cages. 
In this paper, we use terminology similar to that in [S]. For any edge e of G 
with ends (1) and (2), we draw a tree T’, of order 62 in which all internal vertices 
have valency 3, containing the edge e in the middle (see Fig. 2 in [5& If the edge 
e is deleted from Tc, we get two trees. The set of all vertices of the tree containing 
vertex (n) is called set (n) (n = 1,2). Since G has 70 vertices, there are eight 
Fig. 2 
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Fig. 3 
vertices of G which do not belong to ‘I’,‘,, and these eight vertices are called the 
opposite vertices (with respect to edge e). Any endpoint of T, which is adjacent to 
an opposite vertex is called an end-vertex. atherwise, it is called an inner-vertex. 
If Z is an opposite vertex, then an end-vertex adjacent to 2 is also called a 
Z-vertex. 
3. The main result 
The eight opposite vertices (with respect to an edge of G) form 5 1 possible 
cases of arrangement, which can be obtained quite easily with the aid of the tree 
diagrams given in Harary’s book [4, p. 2331. As observed in [5], sets (1) and (2) 
must contain the same number of end-vertices. An edge of G is said to be of type 
1 (resp. 2, 3 or 4), if set (1) contains 11 (resp. 9, 7, or 5) end-vertices. 
Lemnma. G contcaim an edge which is not of type i, where i = 1,2,3 or 4. 
Proof. Let 4 (>O) be the number of 
1,2,3,4). Suppose, on the contrary, G 
Then 
nl+n2+n3fn4=70X$= 105. 
edges of G which are of type i (i = 
contains only edges of type 1,2,3 or 4. 
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Therefore, the number of IO-gons contained in G is 
&[(32- ll)n, +(32-9)n,+(32-7)n3+(32-S)n,] 
=+j[21(n,+nz+n,+n,)+2(n2+2n,+3n,J] 
=&[(21 X 105)+2(n,+2rr,+3n,)]. (3.1) 
Since 2(n2+2n3+3n4) is even and 21x105 is odd, the number in (3.1) is not an 
integer, which is impossible. Hence G must contain an edge which is not of type 
1,2,3 or 4 and this completes the proof. 
From this point on, we shall assume that the edge e with ends (1) and (2) is not 
of type 1,2,3, or 4. This enables us to avoid considering 22 cases of arrangement 
of the eight ‘opposite’ vertices (with respect to e). 
An opposite vertex is said to be isolated if it is not adjacent to any other 
opposite vertex. By a similar argument o that used in [5], it can be shown that G 
does not !contain any isolated ‘opposite’ vertices for the remaining 29 cases of 
arrangement of *opposite’ vertices. This eliminates another 19 cases and, there- 
fore. we have only 10 cases left to consider, which are listed in Fig. 4. 
By a similar argument o that used in [5], we can show that cases 8,9 and 10 do 
not give any (3, lO)-cages. However, the remaining seven cases cannot be handled 
by the previous arguments alone, because the proofs would be too lengthy. For 
each of these cases, we first determine all different possible arrangements of 
(1) 
(2) 
(3) 
(4) 
(5) 
(7) 
* s = l 
-- 
t---e- -c_- - .:!t_- + -4 
end-vertices in sets (1) and (2), and then a computer program is set up to join ah 
inner- and end-vertices of set (1) to set (2). After each solution has been obtained, 
for each edge e, the graph is printed out without the internal vertices sf sue T, 
(see Section 1). 
In particular, this gives the subgraph of the eight opposite vertices (with respect 
to edge e). For each sohrtion, there are 105 such subgraphs. With this infokma- 
tion, it is quite easy to determine whether two solutions are isomorphic to each 
other. If IWO solutions have exactly the same number of ‘opposite’ vertices of the 
various types, then by inspecting the above information on each edge of these Tao 
solutions carefully, an isomorphism between these two solutions can alway!; be 
found. 
According to the computer program, Fig. 1 has 40 edges with opposite vc:, tices 
of type 
and 55 edges of type 
(*-- *----4 e--r 
Fig. 2 has 60 edges of type 
(o----t--a---+-4 
and 45 edges of type 
(-- --a o---o 
+---+I 
+---+--I 
and Fig. 3 has 48 edges of type 
( t-f --- a----e-- 
12 edges of type 
(e- *--_ 9. -_a 
and 45 edges of type 
( o---o e-4 
e-a-a-4) 
Let A, B, C, D, E, F, G and H be the eight opposite vertices (with respect to an 
edge e of G). As shown before, we have seven cases left to consider (see Fig. 4). 
Case 1. Assume A -4 B -C - D and E - F - G -H. By an argument similar to 
that used in [S], we can assume that set (1) contains all A-, C-, E- and G-vertices 
and set (2) contains all B-, D-, F- and H-vertices. Only one sohnion is found 
which is isomorphic to Fig. 3. 
Cease 2. Assume A-B -C-D-E and F-G-H. As before, we can show 
that set (I) contains all A-, C-, E- and G-vertices and set (2) contains all B-, D-. 
F- and H-vertices. Only one solution is found which is isomorphic to Fig. 2. 
Case 3. Assume A-B-C-D-E---F and G-H. Then we can show that set 
(1) contains all A-, C-, E- and G-vertices and set (2) contains all B-, D-, F- and 
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H-vertices. Two solutions are found with d&rent arrangements of end-vertices. 
These two solutions are both isomorphic to Fig. 3. 
Case 4. Assume A-B, C-D, E-F and G-H. Then we can show that set (1) 
contains all A-, C-, E- and G-vertices and set (2) contains all B-, D-, F- and 
H-vertices. This is a difficult case and nine solutions with different arrangements 
of end-vertices are found. Three of them are isomorphic to Fig. 1, two of them 
are isomorphic to Fig. 2 and four of them are isomorphic to Fig. 3. 
Cases 5,6 and 7 are done in a similar way and no solution is found. Therefore, 
we have only three (3,lO)xages. 
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